Abstract. We prove that the sets of homotopy minimal periods for expanding maps on n-dimensional infra-nilmanifolds are uniformly cofinite, i.e., there exists a positive integer m 0 , which depends only on n, such that for any integer m ≥ m 0 , for any n-dimensional infra-nilmanifold M , and for any expanding map f on M , any self-map on M homotopic to f has a periodic point of least period m, namely, [m 0 , ∞) ⊂ HPer(f ). This extends the main result, Theorem 4.6, of [13] from periods to homotopy periods.
Introduction.
Given a self map f : X → X, the fixed point set Fix(f ) := {x ∈ X| x = f (x)} of f and the periodic point set P n (f ) := Fix(f n ) − k<n Fix(f k ) of f with least period n are interesting in many fields of mathematics.
A well-known invariant from algebraic topology is the Lefschetz number L(f ) of f . If L(f ) is non-zero, then any map homotopic to f has at least one fixed point. We naturally ask for an invariant, an analogy of L(f ), to ensure the existence of periodic points with given period, i.e., P n (f ) = ∅.
As a classical branch in algebraic topology, Nielsen fixed point theory mainly deals with the estimation for number of fixed points of self maps, and is already applied to the estimation of the number of periodic points of maps. In [1] , Nielsen fixed point theory was successfully employed in deciding whether P n (f ) is non-empty for a self-map f on the torus. Because only topological invariants are involved, the resulting estimation is unchanged during any homotopy. What is obtained in [1] is the information about the so-called homotopy minimal periods for torus maps f
where g : X → X ranges over all maps homotopic to f . It is worth mentioning that such an invariant reflects the very rigid part of the map in dynamical system point of view, because a small perturbation of the map is still homotopic to itself as long as X is a nice space, for example: a compact smooth manifold.
It is our purpose of this paper to provide a description of the homotopy minimal periods of expanding maps on infra-nilmanifolds. Toward this end, we follow the approach used in [7] , [1] for torus maps, in which they determine HPer(f ) only from the knowledge of the sequence of Nielsen numbers {N (f k )} k≥1 . Since the Nielsen numbers for continuous maps on infra-nilmanifolds are easily computable using the averaging formula [11] , [13] , these provide a good tool for investigating the homotopy minimal periods of expanding maps on infra-nilmanifolds.
Essential reducibility.
It is known that any fixed point class of f n is naturally contained in a fixed point class of f kn . In general, such an inclusion does not preserve the essentiality. So, we have Recall a result in [1] , in which the terminology "index assumption" instead of "essential reducibility" is used.
then any self map homotopic to f has a periodic point of least period m, i.e. m ∈ HPer(f ).
Under a finite regular covering projectionp :X → X, we decide when a self-map f : X → X is essentially reducible. Proposition 2.4. Letp :X → X be a finite regular covering projection. Suppose thatX is essentially reducible. Then a self-map f : X → X is essentially reducible provided that it admits a lifting with respect to the covering projectionp :X → X.
Proof. LetX denote the universal covering space ofX and hence of X. Let Π and H be the groups of covering transformations for the covering projections p :X → X and p :X →X, respectively. Then H is a finite index normal subgroup of Π and the finite quotient group Π/H is the group of covering transformations forp :X → X. Fix a liftingf of f with respect top :X → X and a liftingf off with respect to the universal covering projection p :X →X. Thenf is a lifting of f , so the following diagram is commuting:Xf
Note that F = p(Fix(βf kn )) for some β ∈ Π. Let ϕ : Π → Π be the homomorphism defined by the rulef
, then there isx ∈X such that p(x) = x and αf k (x) =x. Now it is easy to show that
This implies that we can take β = αϕ
. Note further that since ϕ(H) ⊂ H, ϕ restricts to a homomorphism ϕ : H → H and in turn induces a homomorphismφ : Π/H → Π/H so that the following diagram commutes:
If we denote the image of α ∈ Π under the canonical homomorphism Π → Π/H bȳ α ∈ Π/H, then we havē
Since the fixed point class 
kn , we haveF = p (Fix(βf kn )), which corresponds to the fixed point class F = p(Fix(βf kn )) of f kn . By [11, Remark 2.7] again, F is inessential. Thus our lemma is proved.
Main results.
Let G be a connected and simply connected nilpotent Lie group. Let Π be a torsionfree, discrete, cocompact subgroup of G C ⊂ Aff(G) = G Aut(G), where C is a maximal compact subgroup of Aut(G). Then such a group Π is called an almost Bieberbach group of G and the closed manifold Π\G is called an infra-nilmanifold. It is known that these are exactly the class of almost flat Riemannian manifolds.
Let M = Π\G be an infra-nilmanifold. Let Γ = Π ∩ G. Then it is L. Auslander's result that (see, for example, [14] ) Γ is a lattice of G, and is the unique maximal normal nilpotent subgroup of Π. The group Ψ = Π/Γ is the holonomy group of Π or M . It sits naturally in Aut(G). We say that such a nilmanifold N is a universal nil-covering of M . Thus every infra-nilmanifold admits a universal nil-covering.
Let M be a closed manifold. A smooth map f : M → M is called an expanding map if there exist constants C > 0 and µ > 1 such that Df n (v) ≥ Cµ n v , ∀v ∈ T (M ), for some Riemannian metric on M . In [6] , it was shown that any expanding map on a closed manifold is topologically conjugate to an expanding map on an infra-nilmanifold.
It is known that every infra-nilmanifold of homogeneous type admits an expanding map [2] . However, there are examples of infra-nilmanifolds which do not admit expanding maps [3] . We refer the reader to [2] , [3] , [5] , [6] , [12] , [13] , [15] for examples of papers dealing with expanding maps.
Our main result is the following: 
For the expanding map f : M → M , it is known in [15] that all the f m are also expanding maps. Moreover, the set of fixed points, Fix(f m ), is non-empty and finite. By 
In particular, the required strict inequality A similar result for self-maps on N R-solvmanifolds can be found in [9] .
